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We observe the process X = (Xs)s≥0 with

dXs =

{

σ dBs, s < θ,

µ ds+ σ dBs, s ≥ θ,

where θ ∈ [0,∞] is a disorder.

Let Pθ be the distribution of X for given θ. Statistic γt = sup
θ≤t

dPθ

dP∞
(t, X),

t ≥ 0, is called CUSUM statistic.

We give a “martingale” proof of the following lower bound: for any stopping

time τ with E
∞τ < ∞

sup
θ≥0

ess sup
ω

E
θ
(

(τ − θ)+ | Fτ

)

(ω) ≥
E
∞
∫

τ

0
γ(t) dt

E∞γτ
.

Using this inequality we show that the stopping time

τ ∗(B) = inf{t ≥ 0: γt ≥ B},

where B solves the equation (2σ2/µ2)[B − lnB − 1] = T , is optimal in the

Lorden problem

D(T ) = inf
τ∈MT

sup
θ≥0

ess sup
ω

E
θ
(

(τ − θ)+ | Fθ)(ω),

where MT = {τ : E∞τ = T}.
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